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In this note maximum principles for solutions of some fourth-order 
elliptic equations are obtained which do not appear to be contained in the 
previous works of Miranda [I, 21, Agmon [3], and Duffin [4]. 
We denote by D a bounded domain in En with boundary i3D and closure D. 
The differential equations to be considered are of the form 
A%-/-cu=O, (1) 
where 
A++-.+-& 
I2 n 
is the Laplacian and c is a positive constant. I f  ZJ E C*(D) n C2(@ is a solution 
of (l), we define 
5(x) = c(W)” + (w(4)2, (2) 
where the functions u and w obviously satisfy the system 
Au = w, Aw=-cu. (3) 
LEMMA 1. If u is a nonconstant solution of (l), then 5 cannot attain its 
maximum at any interior point of D. 
Proof. Applying the Laplacian to (2) gives 
A[ = 2cuAu + 2wAw + 2c 1 grad u I2 + 2 1 grad w 12. (4) 
Substituting (3) into (4) we find that 
A[ = 2c 1 grad u I2 + 2 1 grad w I2 2 0 
and moreover A[ + 0, since u is nonconstant. Therefore it follows that 5 
itself is nonconstant and the result now follows from the maximum principle 
for subharmonic functions. 
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Note that Lemma 1 actually holds even if D is not bounded. 
Our main result now follows: 
THEOREM 1. If  u is a nonconstant soktion of (1) such that flu = 0 on aD, 
then 1 u i cannot attain its maximum at any interior point of D. 
Proof. Since 5 is continuous in D, 5 attains its maximum at some point x0 , 
which must be on the boundary in view of Lemma 1. Therefore 
5(x0) > 5(x) (5) 
for all x E D. However, since du(x,) = 0, it follows from (5) that 
c(u(x0))” > c(U(q + (Au(q 2 c(u(x>)” 
or since c > 0, 
I u(xo>l > I 4x)l 
for all x E D, which is the desired result. 
An auxilliary function similar to (2) was used by Winter and Wong [5] 
in obtaining a maximum principle for a system of quasilinear second-order 
elliptic equations. However, their system does not contain the system (2) 
considered above. 
An immediate consequence of Theorem 1 is the following uniqueness theo- 
rem: 
THEOREM 2. The boundary-value problem 
A2ufcu=f in D, 
u=g1, Au =g, on aD, 
where f E Co(D) and g, , g, E CO(aD), has at most one solution 
u E C4(D) n C2(D). 
It is of interest that the conditions imposed upon u in Theorem 2 are less 
stringent then the conditions needed for the usual proof based upon Green’s 
identity. 
In the case that c z 0, we have the following result: 
THEOREM 3. If u is a nonconstant solution of 
A2u>0 in D, 
Au = 0 on aD, 
then u cannot attain its minimum at any interior point of D. 
(6) 
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Proof. Defining 
w=Au, 
it follows that w is subharmonic in D and vanishes on aD which implies 
w < 0 in D. Consequently, Au < 0 in D and therefore u cannot attain its 
minimum at any interior point of D. 
Since a corresponding maximum principle holds for functions satisfying 
A% 60 in D, 
Au=0 on 80 
(obtained by applying Theorem 3 to the function - u), we can conclude that 
a nonconstant biharmonic function satisfying Au = 0 on i3D can attain 
neither its maximum nor minimum at any interior point of D. 
I f  c < 0, then the following example shows that Theorem 1 is false. Indeed, 
the function 
u =sinxsiny 
is a solution of 
A% - 4u = 0 
inthesquareD:O<x<n,O<y< rr, and u satisfies the boundary condi- 
tion 
Au=0 on aD. 
Clearly ( u ( attains its maximum at an interior point. 
Several immediate extensions are now noted: 
(1) Equation (1) can be replaced by 
A2u + bAu + cu = 0, 
where b is a nonpositive constant. 
Moreover, the inequality in (6) can be replaced by 
A2u + bAu >, 0 
or 
A(uAu) 2 0, 
where b is now a nonpositive continuous function and Q is a positive continu- 
ous function. 
(2) The Laplacian can be replaced by a general elliptic operator 
throughout. 
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(3) Although Theorem 3 can easily be extended to inequalities of the 
form 
A% ‘rr; 0 
by specifying Au = ... -: An-l = 0 on ijD, it is an open question as to 
whether Theorem 1 can likewise be extended to equations of the form 
A”u + cu = 0. 
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